We study a flow of G2 structures which induce the same Riemannian metric. The flow is the negative gradient flow of an energy functional. We prove Shi-type estimates for the torsion tensor T along the flow. We show that at a finite-time singularity the torsion must blow-up, so the flow will exist as long as the torsion remains bounded. We prove a Cheeger-Gromov type compactness theorem for the flow. We describe an Uhlenbeck-type trick which together with the modification of the underlying connection gives a nice reaction-diffusion equation for the torsion along the flow. We define a quantity Θ for any solution of the flow and prove that it is almost monotonic along the flow. Inspired by the work of Colding-Minicozzi [CM12] on the mean curvature flow, we define an entropy functional and after proving an ǫ-regularity theorem, we show that low entropy initial data lead to solutions of the flow which exist for all time and converge smoothly to a G2 structure with divergence-free torsion. We also study the finite-time singularities and show that at the singular time the flow converges to a smooth G2 structure outside a closed set of finite 5-dimensional Hausdorff measure. Finally, we prove that if the singularity is of Type-I then a sequence of blow-ups of a solution has a subsequence which converges to a shrinking soliton for the flow.
Introduction
Let M 7 be a smooth manifold. A G 2 structure on M is a reduction of the structure group of the frame bundle from GL(7, R) to G 2 ⊂ SO(7). It is known that such a structure exists on M if and only if the manifold is orientable and spin which are equivalent to the vanishing of the first and second StiefelWhitney classes respectively. A G 2 structure on M is equivalently defined by a 3-form ϕ on M which satisfies a certain non-degeneracy condition. The 3-from then induces a Riemannian metric g and an orientation on M and thus a Hodge star operator * ϕ . If ∇ is the Levi-Civita connection of the metric g then ∇ϕ is interpreted as the torsion of the G 2 structure ϕ. We say that the G 2 structure is torsion-free if ∇ϕ = 0 and (M, ϕ) is then called a G 2 manifold. Manifolds with a torsion-free G 2 structures are Ricci-flat and have holonomy contained in the group G 2 . If M is compact then Hol(g) = G 2 if and only if π 1 (M ) is finite.
The existence of torsion-free G 2 structures on a manifold is a challenging problem. Geometric flows are a powerful tool to tackle such questions and one hopes that a suitable flow of G 2 structures might help in proving the existence of torsion-free G 2 structures. There has been a lot of advancement in this direction. General flows of G 2 structures were studied by Karigiannis in [Kar09] . In [Bry06] , Bryant introduced the Laplacian flow of closed G 2 structures. Several foundational results for the Laplacian flow for closed G 2 structures were proved in a series of papers [LW17] , [LW15] and [LW16] by Lotay-Wei. The Laplacian flow for co-closed G 2 structures was introduced by Karigiannis-McKay-Tsui in [KMT12] and a modified co-flow was studied by Grigorian [Gri13] . An approach via gradient flow of energy-type functionals was introduced by Weiss-Witt [WW12] and Ammann-Weiss-Witt in [AWW16] .
Given a manifold M with a G 2 structure ϕ we make the following Definition 1.1 (Isometric G 2 structures). Two G 2 structures ϕ 1 and ϕ 2 on M will be called isometric if they induce the same Riemannian metric, that is g ϕ1 = g ϕ2 . We will denote the space of G 2 structures which are isometric to a given G 2 structure ϕ by [ϕ] .
In this paper, we study a flow of isometric G 2 structures which is the negative gradient flow of a natural functional on the space of isometric G 2 structures. Suppose (M, ϕ 0 ) is a compact manifold. 
where T ϕ is the torsion of ϕ.
Note that E is the same functional as considered in [WW12] , but here we only allow ϕ to vary in [ϕ 0 ] unlike [WW12] where the functional was defined over all G 2 structures.
The functional E in (1.3) was studied by Grigorian in [Gri17] in the context of "octonionic bundles" over M where he showed that the critical points of the functional are precisely the G 2 structures with divergence free torsion, that is, div T = 0. Note that the underlying metric is the same so the divergence is unambiguously defined. A very natural question arises that given any initial G 2 structure ϕ 0 on M what is the 'best' G 2 structure in [ϕ 0 ]. An obvious way to handle this question is to study the negative gradient flow of the functional (1.3). Before we do that, we need to introduce a bit of notation.
We define an operation denoted by ⋄ of smooth (2, 0) tensors on smooth k-forms for any Riemannian manifold (M n , g). This operation is, up to the musical isomorphism determined by the metric g, just the infinitesimal Lie algebra action of smooth sections of T * M ⊗ T M = End T M on forms. Specifically, let A = A l i dx l ⊗ ∂ ∂xi ∈ Γ(End T M ). At each point p ∈ M , the operator e At ∈ GL(n, R) acts on any k-form σ in the natural way as follows:
If we differentiate this action with respect to t and set t = 0, we find:
Given A = A ij dx i ⊗ dx j we identify it with A = A i l dx i ⊗ ∂ ∂x l in Γ(T * M ⊗ T M ), where A i l = A ij g jl . We will use the ⋄ symbol to denote the infinitesimal action of A on a k-form σ. That is, for σ ∈ Ω k we define
(1.4)
Note from (1.4) that if A = g is the metric, we get g ⋄ σ = kσ, for σ ∈ Ω k .
(1.5)
In the above notation, the most general flow of G 2 structure according to Karigiannis [Kar09] is given by
where h is any time-dependent symmetric 2-tensor, X is a time-dependent vector field and ψ = * ϕ. In this case ∂g ∂t = 2h(t)
By calculating the first variation of the energy functional (1.3), we get the negative gradient flow of E which we now define.
Let (M 7 , ϕ 0 ) be a closed manifold with a G 2 structure and consider the evolution of ϕ by ∂ϕ ∂t = div T ψ ϕ(0) = ϕ 0 (1.7)
We call (1.7) as the 'div T -flow' of G 2 structures. Note from (1.6), that h ≡ 0 for the div T -flow and hence (1.7) is indeed a flow of isometric G 2 structures.
The short time existence for the flow was proved by Bagaglini in [Bag17] Theorem 1.8. [Bag17, Proposition 11] Let (M 7 , ϕ 0 ) be a compact manifold. Then the flow (1.7) has a unique solution for a short time t ∈ [0, ǫ).
In the present paper, we develop foundational theory for the flow. In §2 we prove Shi-type estimates for the flow (cf. Theorem 2.14). We also prove local derivative estimates in Theorem 2.42. Using that we show that the flow (1.7) has a solution as long as the torsion tensor T remains bounded along the flow (cf Theorem 2.55). We also derive a compactness theorem for solutions along the flow (cf. Theorem 2.73).
In §3, we describe an Uhlenbeck-type trick which together with the modification of the underlying connection gives a nice diffusion-reaction equation for the torsion along the flow (cf. Theorem 3.9)
Monotone quantities are a powerful tool in the study of any geometric flow. In §4 we define a quantity Θ for any solution of the flow. We derive the evolution of Θ under (1.7) in Lemma 4.1 and prove that it is almost monotonic along the flow (cf. Theorem 4.3). We also prove an ε-regularity result associated to Θ (cf. Theorem 4.20)
Inspired by the work of Colding-Minicozzi in [CM12] and Boling-Kelleher-Streets on the Harmonic map heat flow [BKS17] and work of Kelleher-Streets on the Yang-Mills flow [KS16] we define the following entropy functional Definition 1.9. Let (M, ϕ) be a G 2 -structure inducing the metric g = g ϕ , and let u (x,t) (y, s) be the backwards heat kernel that becomes δ (x,t) as s → t. Define
In §5, we prove the following theorem which roughly states that if the entropy is small then any solution to (1.7) exists for all time and converges smoothly to a G 2 structure with divergence free torsion.
Theorem 1.11 (Low entropy convergence). Let ϕ 0 be a G 2 -structure on M 7 inducing the Riemannian metric g. Then for every δ > 0 and τ > 0 there exists ε(g, δ, τ ) > 0 such that if
then the div T -flow starting at ϕ 0 exists for all time and smoothly converges to a G 2 -structure ϕ ∞ satisfying div T ϕ∞ = 0, (1.13)
and
We also have the following corollary.
Corollary 1.16. Given a Riemannian metric g, let
If inf λ(g) = 0 then g is induced by a torsion free G 2 -structure, hence it is Ricci flat with holonomy in G 2 .
Proof of Corollary 1.16. Consider a sequence δ i → 0 let ε i > 0 obtained by Theorem 1.11. By (1.17) there is a sequence of G 2 -structures ϕ i inducing g, such that
Theorem 1.11 then implies that the div T -flows starting from each ϕ i converge to G 2 -structuresφ i satisfying |Tφ i | < δ i → 0, and uniform derivative estimates. By the compactness Theorem 2.71 we obtain a limit torsion free G 2 -structure on M inducing the Riemannian metric g.
When the entropy is not small the flow may develop singularities in finite time. However, we can have singularities of co-dimension at least 2, according to the following result, which we prove in §6.
Theorem 1.18 (Singularity structure). Let ϕ 0 be a G 2 -structure inducing the metric g with
and consider the maximal smooth div T -flow (ϕ(t)) t∈[0,τ ) with ϕ(0) = ϕ 0 .
Suppose that τ < +∞. Then as t → τ the flow smoothly converges to a G 2 -structure ϕ τ outside a closed set S with finite 5-dimensional Hausdorff measure satisfying
for some constant C < ∞ depending on g. In particular the Hausdorff dimension of S is at most 5.
Finally in §6, we prove that if the singularity is of Type-I then a sequence of blow-ups of a solution has a subsequence which converges to a shrinking soliton of the flow (see §4.1 for shrinking solitons) Theorem 1.20 (Type I singularities). Let ϕ 0 be a G 2 -structure inducing the metric g on a compact 7-manifold M , and consider the maximal smooth div T -flow (ϕ(t)) t∈[0,τ ) , with ϕ(0) = ϕ 0 . Suppose that τ < +∞ and the flow encounters a Type I singularity, namely
Let x ∈ M and µ i ց 0 and consider the rescaled sequence ϕ i (t) = µ
Moreover x ∈ M \ S if and only if ϕ ∞ (t) is the stationary flow induced by a torsion free G 2 -structure
We are posting a first draft of our paper a few days earlier than anticipated, due to the appearance of the new preprint [Gri19] by Sergey Grigorian, which has substantial although independent overlap with our results. We also describe an Uhlenbeck-type trick and derive a diffusion-reaction for the torsion. Our entropy functional λ is different. We also give a comprehensive treatment of the singularity analysis of the flow. Moreover, we use a more traditional geometric flows approach, with no use of octonion bundles. The authors believe that both contributions are valuable and complementary.
Estimates, Long Time Existence, and Compactness
In this section we will first derive the Global and local derivative estimates for the torsion T (also known as the Bando-Bernstein-Shi estimates) for the flow. We prove a doubling time estimate for the torsion (Proposition 2.8), under the div T -flow which shows that assumption of the torsion bound is reasonable. In what follows, we will use the symbol " * " to denote some contractions between the tensors. Using the derivative estimates, in §2.3, we will prove that any solution of the div T -flow will exist as long as the torsion remains bounded. We will also obtain a lower bound for the blow-up rate of the torsion. Finally, in §2.4 we will prove a Cheeger-Gromov type compactness theorem for the solutions of the div T -flow.
Global derivative estimates of torsion
Let (M 7 , ϕ) be a closed manifold with a G 2 structure and consider the evolution of ϕ by the div T -flow (1.7) ∂ϕ ∂t = div T ψ
We first find the evolution of the torsion under (1.7).
Lemma 2.1. Let ϕ(t) be a div T -flow on M . Then the torsion evolves by
where
Recall from [Kar09] that for a general flow of G 2 structures
we have
so for (1.7), we get
We also have the following 'Bianchi'-type identity for the torsion of a G 2 structure whose proof can be found in [Kar09]
Let's calculate ∆T pq . Using the G 2 -Bianchi identity, we get
where we have used the second Bianchi identity in the fourth equality. Now commuting covariant derivative for the first term in (2.4), we get
So we get that
We write (2.5) schematically as
For a solution ϕ(t) of (1.7), define
where T (t) is the torsion of ϕ(t). We prove a doubling time estimate for T (t), which roughly says that T (t) cannot blow up too quickly and hence the assumption that |T | is bounded for a short time is a reasonable one.
Proposition 2.8. (Doubling-time estimate). Let ϕ(t) be a solution to (1.7) on a closed 7-manifold
Proof. We will calculate a differential inequality for T (t) and will use the maximum principle. Since the metric is not evolving under (1.7), we have
= 2T pq ∂T pq ∂t so using (2.6), we get
where C is a constant. Now since the metric is not evolving and M is closed, |Rm| and |∇Rm| are bounded by some constant which we still call C. Thus,
Notice from (2.5) that the third term in (2.10) is due to T * (∇T * T * ϕ) term. We estimate this term by using the explicit expression for ∇T * T * ϕ rather than the schematic expression. Using the skew-symmetry of ϕ, we have
and thus (2.10) becomes
Now if |T | < 1 for all t ≤ τ then the assertion holds. So if for some time t, |T | > 1 then |T | < |T | 4 and |T | 2 < |T | 4 and hence (2.11) becomes
where C ′′ is another constant.
Recall that T (t) = sup M |T (x, t)| is a Lipschitz function, so applying the maximum principle to (2.12), we
in the sense of the lim sup of forward difference quotients. We conclude that
as long as t ≤ min τ, 1 CT (0) 2 and hence T (t) ≤ 2T (0) if t ≤ min τ,
We now derive the Shi type estimates for the flow in (1.7). Since M is a compact manifold and the metric is not evolving under the div T -flow, so the Riemann curvature tensor Rm do not change. So for all j ≥ 0, |∇ j Rm| ≤ C j for some positive constant C j which might depend on j.
Theorem 2.14. Suppose that K > 0 is a constant and ϕ(t) is a solution to the div T -flow on a closed manifold M 7 with t ∈ [0,
Proof. Since the proof is long, we first summarize the strategy of the proof. The proof is by induction on m. We will define a function f m (x, t) (see (2.37) for the precise expression) for each m, just like in the Ricci flow case, which satisfies a parabolic differential inequality and then use the maximum principle.
For m = 1 case, define
where β is a constant to be determined later. Note that f (x, 0) ≤ βK 2 . To calculate the evolution of f , we first need to calculate the evolution of |∇T | 2 .
If A is a time-dependent tensor, then the commutation formula gives
but since for the div T flow, ∂g ∂t = 0, we have from (2.6)
where we have used the Ricci identity in the last equality. Thus we have
+ ∇Rm * ∇ϕ * ∇T + ∇Rm * T * ∇T + Rm * ∇T * ∇T + ∇Rm * T * ψ * ∇T + Rm * ∇T * ∇T * ψ + Rm * T * ∇ψ * ∇T (2.17)
Using the hypothesis of the theorem we get
for some constant C depending only on the dimension and the order of the derivative (we have used C for all the constant to avoid too many symbols). We have also used the fact that ∇ϕ = T * ψ, ∇ψ = T * ϕ and hence
For the third term in the right hand side of the inequality of (2.18) we have, by Young's inequality, for all ǫ > 0,
Substituting these bounds in (2.18) gives
However, the presence of the |∇T | 3 on the right hand side of (2.19) will cause problem in applying the maximum principle to the function f as we are only assuming the bounds on |T |. Notice from (2.17) that the |∇T | 3 term is coming from ∇T * ∇(∇T * T * ϕ) term. We will get rid of the problematic term by using the explicit expression for ∇T * (∇T * T * ϕ) rather than the schematic one and then using the G 2 -Bianchi identity to get a lower order term. Specifically, the expression for ∇T * T * ϕ is ∇ i T pb T ia ϕ abq . So we have
Since the first and the last term in the above equation did not cause any problem in (2.19), so we will focus on the second term. Since ϕ is skew-symmetric, we have
where we have used the G 2 -Bianchi identity in the second equality. Thus from (2.19) and (2.20) and using Young's inequality as before we get
and with suitably chosen ǫ we have
From (2.9) and (2.22), we get
By hypothesis, T = sup
and tK 2 ≤ 1, so using the same argument for the |∇T ||T | 2 term which lead to (2.11), the above inequality becomes
which on using the Young's inequality for the second term becomes
We choose β large enough so that C − 2β ≤ 0 and thus
As f (x, 0) ≤ βK 2 , applying the maximum principle to the above inequality implies
From the definition (2.16) of f , we get that
and the base case is done.
Given this, we prove the estimate for m ≥ 2 by induction. Suppose
holds for all 1 ≤ j < m. It's clear that we need to find the evolution equation for |∇ m T | 2 . For any time-dependent tensor A(t), we have the commutation formula
and since the metric doesn't evolve, we have from (2.6)
where in the last inequality we have used the Ricci identity
Using the induction hypothesis, we can estimate each term in (2.25) as follows.
For the term
where we used K 2 t ≤ 1. So the third term in (2.25) can be estimated as
(2.27) Let us estimate the ∇ i ψ term. We know that
We schematically have
and hence
Using the same equations again, we have
Similarly,
An easy induction argument then shows that for i ≥ 1 we have
Since ∇ϕ = T * ψ, we have the same estimates for |∇ i ϕ|, i ≥ 1, i.e.,
Using the hypothesis on |∇ j Rm|, (2.29) and K 2 t ≤ 1, the fifth term in (2.25) can be estimated as
Consider the term ∇ m−i (Rm * T ). Using the induction hypothesis and |Rm| ≤ K 2 , for i = 0 we get
so using (2.28) and the above estimate, the last term in (2.25) can be estimated as
which on using
Consider the fourth term in (2.25). We have
which on using the induction hypothesis and (2.29) gives
Combining (2.27), (2.30), (2.31) and (2.32) we get
Using Young's inequality for the fourth term in (2.33), we know that for any ǫ > 0 we have
Thus for suitably chosen ǫ, we deduce that
Assuming (2.15) holds for all 1 ≤ k < m, by doing a similar computations leading to (2.35), we have
Having done these calculations, we define
for some constants β m which will be chosen later and α
Using (2.35) and (2.36) we calculate
which on collecting terms become
Using Young's inequality for the third and the fourth term, we have
and thus we get
Choosing β m sufficiently large and using the fact that (m − k)α
From the definition of f m , we obtain that
This completes the inductive step and finishes the proof of Theorem 2.14.
Our next goal is to establish long-time existence of the flow and hence we want to know a criterion which enables us to know, when a solution which exists up to an arbitrarily large time T can be extended past T . We have the following corollary to the above theorem, whose proof is an adaptation of the argument in the Ricci flow case and can be found in [CK04, §6.7].
Corollary 2.39. Let (M 7 , ϕ(t)) be a solution to the divT-flow for which the weak maximum principle holds. If there is K > 0 such that
Then by the uniqueness of solutions to the div T -flow Theorem 1.8,φ(t) = ϕ(t+τ 0 ) = ϕ(t) fort ∈ 0, 1 K 2 . So by the hypothesis on the solution ϕ(t), we have
Applying Theorem 2.14 we have constantsC m depending only on m such that
for all x ∈ M Since t 0 ∈ 1 K 2 , τ was arbitrary, we get (2.40).
Local estimates of the torsion
In this section we will prove the local estimates on the derivatives of the torsion. The proof is similar to the local bounds on the higher derivatives of a solution of the harmonic map heat flow by Grayson-Hamilton [GH96] and to the local derivative estimates of the curvature for the Yang-Mills flow which was proved by Weinkove [Wei04] . We first define the parabolic cylinder
The following lemma is proved in [GH96, Lemma 2.1]. We are stating the version which is in [Wei04, Lemma 2.1].
Lemma 2.41. There exists a constant s > 0 and for every γ < 1, a constant C γ , such that if h is a smooth function on M with
on P γr (X, τ ).
We now state and prove the local estimates for the derivatives of the torsion.
Theorem 2.42. Let ϕ(t) be a solution to the the div T -flow on M 7 . There exists a constant s > 0 and constants
Proof. The proof is similar to the proof of Theorem 2.14 and is by induction on m. We have already derived all the evolution equations required for the proof in §shiestsec and we will use them. Assume that the constant K is atleast 1.
We prove the m = 1 case. Define the function
Using (2.12) and (2.21) and the hypothesis of the theorem, we have
where we have used Young's inequality in the second last step. We define, for the same constant C as above,ĥ
Thus by Lemma 2.41, we haveĥ
which proves the base case.
Assume inductively that (2.43) holds for all k < m. We prove the theorem for m. Choose B to be a constant such that
We estimate each term in the evolution of |∇ m T | 2 (2.25) using the induction hypothesis, i.e., (2.43) for k < m. For the third term on the right hand side of (2.25), we get
where we have used the hypothesis on |∇ j Rm| and the induction hypothesis in the last inequality. Note that following the same procedure leading to (2.28) with assumption (2.43) instead we get,
So for the fourth term on the right hand side of (2.25), we have
where we have also used (2.47).
For the fifth term, using (2.47), we have
and the final term in (2.25) gives
Combining (2.46), (2.48), (2.49) and (2.50) we get
which on using the Young's inequality with suitably chosen ǫ for the third and the last term
Similarly, we have
Using (2.51) and (2.52) we have
where we have used (2.44) in the last inequality.
Hence using Young's inequality we have
Just like the m = 1 case, defineĥ
Then forĥ m ≥ 0 we have
Thus from Lemma 2.41,ĥ m ≤ C r 2 ≤ CK on P rm (X, τ ) and hence
on P rm (X, τ ).
Long Time Existence
Suppose M is a closed 7-manifold and let ϕ 0 be a G 2 structure on M . Then starting with ϕ 0 , there exists a unique solution ϕ(t) of the div T -flow on a maximal time interval [0, τ ) where maximal means that either τ = ∞ or τ < ∞ in which case, there do not exist ǫ > 0 such thatφ(t) is a solution of the div T -flow for t ∈ [0, τ + ǫ) andφ(t) = ϕ(t) for t ∈ [0, τ ). We call τ the singular time.
In this section, we will use the global derivative estimates (2.15) to prove that T (t) defined in (2.7) will blow up at a finite time singularity along the flow. Explicitly, we prove the following Theorem 2.55. Let M 7 be a compact manifold and ϕ(t) be a solution to the div T -flow (1.
and we have the following lower bound on the blow-up rate of T (t)
for some constant C > 0.
Proof. We will prove the contrapositive of the theorem, i.e., we will show that if T were to remain bounded along a sequence of times approaching τ then the solution can be extended past τ .
Suppose ϕ(t) be a solution to the div T -flow which exists on a maximal time interval [0, τ ]. We shall first prove by contradiction that T (t) = sup
Note that since the metric doesn't evolve along the flow, so we will use the same metric g induced by the initial G 2 structure. We have from (2.15) and (2.59)
for some uniform positive constant C. For any 0 < t 1 < t 2 < τ ,
which implies that ϕ(t) converges to a 3-form ϕ(τ ) continuously as t → τ . Since ϕ(t) is a G 2 structure, we know that for all t ∈ [0, τ ) we have
where vol g is the volume form of g. Since g and vol g doesn't change along the flow hence as t → τ the left hand side of (2.62) tends to a positive definite 7-form valued bilinear form and thus the limit 3-form is a positive 3-form and so is a G 2 structure. Moreover from the right hand side of (2.62) we see that, it induces the same metric g. Thus, the solution ϕ(t) of the div T -flow can be extended continuously to the time interval [0, τ ]. We will now show that the extension is actually smooth, which will be our required contradiction.
We first prove the following claim Claim 2.63. For all m ∈ N, there exist constants C m such that
Proof of Claim 2.63 The proof is by induction on m. For m = 1, at any (x, t) ∈ M × [0, τ ), we have
Note that we are again using that the metric remains unchanged along the flow. We know from (2.59) and Corollary 2.39 that |∇(div T )| ≤ A and | div T | ≤ A (we are using the same letter for the constant) are bounded on the time interval (
and then
as τ < ∞, and thus we have the m = 1 case.
For the general case, we have
By the induction hypothesis, we may assume that We continue the proof of Theorem 2.55. Let U be a fixed local coordinate chart. Then we know that ϕ(τ ) is a continuous limit of G 2 structures and in U it satisfies
Suppose α = (a 1 , ..., a r ) be any multi-index with |α| = m ∈ N. We know from Claim 2.63 and (2.65) that 
and thus ϕ(t) → ϕ(τ ) uniformly in any C m norm as t → τ , m ≥ 2. Now, since ϕ(τ ) is smooth, Theorem 1.8 gives a solutionφ(t) of the div T -flow withφ(0) = ϕ(τ ) for a short time 0 ≤ t < ǫ. Since ϕ(t) → ϕ(τ ) smoothly as t → τ , it follows that
is a solution of the div T -flow which is smooth and satisfiesφ(0) = ϕ(0). This contradicts the maximality of τ . So we have lim sup
Now we prove that we can replace the lim sup in (2.67) by lim. Suppose (2.56) does not hold. Then there exists K 0 < ∞ and a sequence of times t i ր τ such that T (t i ) ≤ K 0 . By the doubling time estimate in Proposition 2.8, we get that
for all times t ∈ [t i , min{τ, t i + T (x, t) ≤ 2K 0 which cannot happen as we have already shown above that this leads to a contradiction to the maximality of τ . This completes the proof of (2.56).
For obtaining the lower bound of the blow-up rate (2.57), we apply the maximum principle to (2.12), to obtain
which implies that
Since we proved above that lim t→τ T (t) = ∞, we have
Integrating (2.68) from t to t 0 ∈ (t, τ ) and taking the limit as t 0 → τ , we get
This completes the proof of Theorem 2.55.
Combining Proposition 2.8 and Theorem 2.55, we get the following corollary about the minimal existence time.
Corollary 2.69. Let ϕ 0 be a G 2 structure on a closed 7-manifold M with T (x) ≤ K for some constant K. Then the unique solution of the div T -flow with initial G 2 structure ϕ 0 exists at least for time t ∈ [0,
1 CK ] where C is the uniform constant from Proposition 2.8.
Compactness
In this section, we prove a Cheeger-Gromov type compactness theorem for solutions to the the div T -flow for G 2 structures. We will also give a local version of the compactness theorem. We recall the following definition from [LW17] Definition 2.70. Let (M i , ϕ i , p i ) be a sequence of 7-manifolds with G 2 structures ϕ i and p i ∈ M i for each i. Suppose the metrics g i on M i , associated to the G 2 structure ϕ i is complete for each i. Let M be a 7-manifold with p ∈ M and ϕ be a G 2 structure on M . We say that the sequence (M i , ϕ i , p i ) converges to (M, ϕ, p) in the Cheeger-Gromov sense and write
in the sense that F * i ϕ i − ϕ and its covariant derivatives of all orders (with respect to any fixed metric) converge uniformly to zero on every compact subset of M .
Lotay-Wei proved the following compactness theorem for G 2 structures in [LW17, Theorem 7.1] Theorem 2.71. Let M i be a sequence of smooth 7-manifolds and for each i we let p i ∈ M i and ϕ i be a G 2 structure on M i such that the metric g i on M i induced by ϕ i is complete on M i . Suppose that
for all k ≥ 0 and
where T i , Rm gi are the torsion and the Riemann curvature tensor of ϕ i and g i respectively and inj(M i , g i , p i ) denotes the injectivity radius of (M i , g i ) at p i .
Then there exists a 7-manifold M , a G 2 structure ϕ on M and a point p ∈ M such that, after passing to a subsequence, we have
The idea of the proof is to use Cheeger-Gromov compactness theorem [Ham95, Theorem 2.3] for complete pointed Riemannian manifolds to get a complete Riemannian 7-manifold (M, g) and p ∈ M such that, after passing to a subsequence
i.e., there exist nested compact sets Ω i ⊂ M exhausting M with p ∈ int(Ω i ) for all i and diffeomorphisms
i g → g smoothly as i → ∞ on any compact subset of M . Use the diffeomorphisms from the above convergence to pull-back the G 2 structure to get G 2 structure ϕ i on Ω i and using (2.72), show that covariant derivative of all orders of ϕ i are uniformly bounded. The Arzela-Ascoli theorem [AH11, Corollary 9.14] then implies that there is a 3-from ϕ such that after passing to a subsequence, ϕ i → ϕ as i → ∞. We then show that ϕ is a G 2 structure and it induces the metric g and hence we get that
We note that if all the metrics in the sequence (M i , ϕ i , g i ) are the same then the limiting G 2 structure ϕ induces the same metric.
We now state and prove the compactness theorem for the divT-flow of G 2 structures.
Theorem 2.73. Let M i be a sequence of compact 7-manifolds and let p i ∈ M i for each i. Suppose that ϕ i (t) is a sequence of solutions to the divT-flow (1.7) for G 2 structures on M i for t ∈ (a, b), where
where T i denotes the torsion determined by ϕ i (t), and the injectivity radius satisfies
Suppose, further that there are uniform constants C j , for all j ≥ 0, such that
Then there exists a 7-manifold M , p ∈ M and a solution ϕ(t) of the flow (1.7) on M for t ∈ (a, b) such that, after passing to a subsequence,
The proof is similar in spirit to the compactness theorem for the Ricci Flow by Hamilton [Ham95] . See also the compactness theorem for the Laplacian flow for closed G 2 structures by Lotay-Wei [LW17] . The idea is to show that the bounds on the G 2 structure and covariant/time derivatives of the G 2 structure at time t = 0 extend to bounds on the G 2 structures and covariant derivatives of the G 2 structures at subsequent times in the presence of bounds on the torsion and covariant derivatives of the torsion for all time.
Proof. From the derivative estimates (2.15), Corollary 2.39 and (2.74), we have
Since M i is compact for each i, |Rm i | gi is bounded. Assumption (2.75) allows us to use Theorem 2.71 for t = 0 to extract a subsequence of (M i , ϕ i (0), p i ) which converges to a complete limit (M, ϕ ∞ (0), p). So there exist compact sets Ω i ⊂ M exhausting M with p ∈ int(Ω i ) for each i and diffeomorphisms , b) and let i be sufficiently large so that Ω ⊂ Ω i . Letḡ i (t) = F * i g i (t). Now since ϕ i (t) are all solutions to the div T -flow, the metric g i (t) = g i (0) for each i and since |Rm i | is bounded so trivially
for some constants C m , independent of i (in fact, any positive real number will do) and
for some constants C m,l . The compactness theorem for the Ricci flow has natural applications in the analysis of singularities of the Ricci flow. We would also like to have a similar application for the div T -flow. The idea is to consider shorter and shorter time intervals leading upto a singularity of the div T -flow and to rescale the solutions on each of these time intervals with uniformly bounded torsion. by doing this we hope that the limiting manifold will tell us the nature of the singularity and more informations.
More precisely, suppose M 7 is a compact manifold and let ϕ(t) be a solution to the div T -flow on a maximal time interval [0, τ ) with τ < ∞. Theorem 2.55 then implies that T (t) defined in (2.7) satisfies lim tրτ T (t) = ∞. Consider a sequence of points (x i , t i ) with t i ր τ and
Consider a sequence of parabolic dilations of the div T -flow
and define
Note that for each i and times t ≤ 0
by the definition of T (x i , t i ). Thus by the doubling time estimate (Proposition 2.8) and Corollary 2.69, there exists a uniform b > 0 such that
|T ϕi (x, t)| ≤ 2 for any a < 0. Therefore, if we have that inf i inj(M, g i (0), x i ) > 0, then using the compactness theorem, Theorem 2.73, we can extract a subsequence of (M, ϕ i (t), x i ) which converges to a solution
Just like in the Ricci flow (see [CCG + 07, §3.1]), from the proof of the compactness theorem for the div T -flow, we can prove a local version of Theorem 2.73 without too much difficulty. and t ∈ (a, b) be a sequence of compact pointed solutions of the div T -flow. If there exist ρ > 0, C 0 < ∞ independent of k such that
and uniform constants C j , for all j ≥ 0, such that
then there exists a subsequence such that
is an open manifold which is complete on the closed ball B g∞ (p ∞ , r) for all r < ρ.
A reaction-diffusion equation for the torsion
In this section we derive a reaction-diffusion equation for the torsion under the div T -flow, by understanding in greater detail the first order term ∇ i T pb T ia ϕ abq that appears in the evolution equation provided by Lemma 2.1.
A modified connection
Let ι : E → T M be a bundle isomorphism and let h = ι * g. In what follows {e i } will denote a gorthonormal frame on T M and {v a } an h-orthonormal frame on (E, h).
Given any constant α, define a connection D on E by
given any section σ on E and vector field X.
Lemma 3.2. For any choice of α, the connection D defined in (3.1) is compatible with the bundle metric h.
Proof. Given any point p ∈ M consider two sections of E around p of the form
Proof. Like in the proof of Lemma 3.2, at any point p we can choose local vector fields Y, W around p satisfying
In particular, the torsion T of the G 2 structure satisfies
Proof. Using Lemma 3.3 and taking the frames {e i } and {v a } ∇ and D-parallel respectively at a point p we obtain
Finally, the term A ip T km T kj ϕ jql ϕ mlp becomes
Uhlenbeck's trick
Suppose that a family ϕ(t) ∈ Ω 3 (M ) of G 2 -structures evolves by
and that a family ι(t) : E → T M of vector bundle isomorphisms evolve by
for a some constant β.
Let h(t) = ι(t) * g. We then see that, for v, w ∈ E:
Therefore, there is a fixed metric h on E such that h = ι(t) * g for every t.
Remark 3.7. A direct computation gives thatφ = ι * ϕ satisfies the following ODE.
We observe that if we choose β = 1 3 , thenφ is also constant. However, we will see that this is not the right choice.
In the case of a div T -flow we have X = div T . Let {v a } be an h-orthonormal frame on E, and {e i } a g-orthonormal frame on T M . Let A ∈ Γ(T * M × T * M ). ThenÃ := (id ⊗ ι(t)) * A can be expressed with respect to the frames {e i }, {v a } asÃ ia := A(e i , ι(t)(v a )).
Now consider an evolution
(3.8)
The evolution of the torsion
In this section we observe that, for appropriate choices for the constants α, β, pulling back the torsion on T M * ⊗ E * and expressing the evolution equation of Lemma 2.1 in terms of the modified connection D leads to the cancellation of the first order term in (2.5).
Hence the torsion satisfies a reaction-diffusion equation, with respect to the Laplacian induced by the modified connection.
Theorem 3.9. There is a vector bundle E isomorphic to T M , such that if a family of isomorphisms
and E is equipped with the family of connections D given by
then there is a fibre metric h on E with h = ι * t g for every t, D is compatible with h, andT = (id ⊗ ι t ) * T evolves by
where ∆ D is the induced Laplacian on (T * M, ∇) ⊗ (E * , D).
Proof. Recall that under the div T -flow the torsion evolves by
Now, (3.5) and (3.8) imply that
Thus, using (3.13), we obtain
Therefore, choosing α = −β = − 1 2 proves the theorem.
Second variation of the energy E
A similar modification of the Levi-Civita connection is also helpful to simplify the second variation of the energy functional, as described in the following proposition.
Lemma 3.14. Letφ be G 2 -structure on (M, g) which is a critical point for the energy functional
Given any variation (ϕ t ) t∈(−δ,δ) with ϕ 0 =φ and X ∈ Γ(T M ) satisfying
where D is the connection on T M given by
Proof. Since ϕ t induce the metric g for all t ∈ (−δ, δ) there is a family of vector fields X t such that
and X 0 = X.
Therefore, we have
The second line of (3.15) is due to the following computation
A monotonicity formula
Now, the G 2 -Bianchi identity and integrating by parts again, we obtain
using T la T pb ϕ abq T pq = 0 in the last equation. Now, completing the square, we obtain
Integrating by parts once again, using the second Bianchi identity and then the G 2 -Bianchi identity, we conclude
Finally, this gives
We prove the almost monotonicity formula for Θ (x0,t0) (ϕ(t)).
Theorem 4.3.
1. Let (M 7 , g) a compact Riemannian manifold and (ϕ(t)) t∈[0,t0) a div T -flow inducing the metric g. Then for any x 0 ∈ M and t 0 − 1 < τ 1 < τ 2 < t 0 the following monotonicity formula holds:
with equality if and only if for all
Proof.
(1) In what follows C < +∞ will denote a generic constant that will be allowed to change from line to line.
First, we control the last two terms in (4.2) in terms of the geometry of (M, g). For the third term in (4.2), we obtain
(4.4)
Note that we used Young's inequality and
to bound the first term and Cauchy-Schwarz to bound the second.
(2) When (M, g) = (R 7 , g Eucl ), the backwards heat kernel is
with f (x, t) = |x−x0| 2 4(t0−t) and so it satisfies
Therefore, since there also no curvature terms in (4.2) and ∇f = x−x0
which suffices to prove the result.
Shrinking solitons
We will call G 2 -structures ϕ satisfying div
shrinking div T -solitons.
Lemma 4.13. Let ϕ be a shrinking div T -soliton and F t : R 7 → R 7 , t < 0, be a family of diffeomorphisms satisfying
Moreover, by the shrinking soliton equation (4.12) we have
Therefore, since W is the gradient of a function,
Then for any t < 0 
Integrating with respect to z we conclude that
if we choose η, δ > 0 small enough, which proves the result.
Theorem 4.20. Given (M, g) there are ε,ρ > 0 such that for every ρ ∈ (0,ρ] there are r ∈ (0, ρ) and C < +∞ with the following significance:
Proof. Suppose the theorem doesn't hold. Then for any ε i → 0,ρ i → 0 there are ρ i ∈ (0,ρ i ] such that for any r i ∈ (0, ρ i ) and
Passing to a subsequence and applying Lemma 4.15 we can choose r i such that
achieving the maximum in (4.24). Then, setting
we have Therefore, in order to bound Θ (x,t) (ϕ(s)), for s < t, in terms of E(ϕ(0)) we would also need a positive lower bound on t− s, which unfortunately fails for small times t. Here is where the control of the stronger quantity λ(ϕ 0 , τ ) is needed.
Long time existence
In this section we consider the div T -flow from initial data satisfying certain smallness assumptions on the torsion, and prove long time existence and convergence.
In particular, we first prove the result under the assumption that the torsion of the initial G 2 -structure is pointwise small, in Proposition 5.9. Then we exploit the ε-regularity Theorem 4.20 and the derivative estimates to show that small initial entropy implies pointwise small torsion after some time.
Crucial in the convergence is the convexity of the energy functional
Lemma 5.3 (Interpolation). Let ϕ be a G 2 structure, inducing the Riemannian metric g, and let T its torsion. Suppose that |∇T | ≤ C and that vol g (B(x, r)) ≥ v 0 r 7 , (5.4)
for some small constant v 0 > 0.
Then, for every ε > 0 there is δ(ε, C, v 0 , g) > 0 such that if E(ϕ) < δ, (5.5) then |T | < ε.
Proof. The proof is quite standard, but we include it for the sake of completeness. On the other hand, choosing δ = (2C) 7 we arrive at a contradiction, proving the statement of the lemma.
We are now able to prove the following convergence result.
Proposition 5.9. Let ϕ 0 be a G 2 structure on M inducing the Riemannian metric g with vol(M, g) = 1. Then, there is ε > 0 such that if |T ϕ0 | < ε then the div T -flow ϕ(t) starting from ϕ 0 exists for all time and converges smoothly to a G 2 structure ϕ ∞ , inducing the metric g on M and satisfying div T ϕ∞ ≡ 0.
(5.10)
Proof. By the doubling time estimate, choosing ε < ε 0 we can achieve that t * = max{t ≥ 0, |T ϕ(t) | ≤ 1} (5.11) satisfies t * > 1.
Suppose t * < +∞. By the derivative estimates applied to the time interval [t * − 1, t * ] there is a constant c 0 such that |∇T ϕ(t * ) | < c 0 .
(5.12)
Hence, by Lemma 5.3, for every α > 0 there is δ α = δ(α, c 0 , g) > 0 such that if E(ϕ 0 ) < δ α then |T ϕ(t * ) | < α, since E(ϕ(t * )) ≤ E(ϕ(0)).
Lemma 6.1. The div T -flow (ϕ(t)) t∈[0,τ ) restricted to M \S converges as t → T , smoothly and uniformly away from S, to a smooth G 2 -structure ϕ(τ ) on M \ S. In particular, M \ S is open in M , hence S is closed.
Moreover, for every x ∈ S there is a sequence (x i , t i ) with x i → x, t i → τ such that
|T (x i , t i )| = +∞.
Proof. By Theorem 4.20, for every x ∈ M \ S there are r x > 0 and C x < +∞ such that
x , τ ]. Hence, by the local derivative estimates Theorem 2.42 there are constants C x,j , for any j ≥ 1, such that |∇ j T (y, t)| ≤ C x,j , in B g (x, r x /2) × [τ − r 2 x /4, τ ]. As in the proof of Theorem 2.55, it follows that as t → τ , ϕ(t) converges smoothly and uniformly away from S to a G 2 -structure ϕ(τ ) on M \ S, which induces the same Riemannian metric g on M .
We now prove Theorem 1.18 stated in §1.
Proof of Theorem 1.18. From Lemma 6.1, it suffices to prove the estimate on H 5 (S), where H 5 denotes the 5-dimensional Hausdorff measure on (M, g).
Consider any subset S ′ ⊂ S with finite H 5 measure. As in [GH96] , there isS ⊂ S ′ such that We can then estimate, for every ρ ∈ (0,ρ]
where last two inequalities follow from (6.3) and (1.19) respectively. The result follows from (6.2) and the arbitrariness of S ′ .
Finally, we prove Theorem 1.20.
